Unique intersectability of diamond-free graphs  by Guo, Jun-Lin et al.
Discrete Applied Mathematics 159 (2011) 774–778
Contents lists available at ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
Unique intersectability of diamond-free graphs✩
Jun-Lin Guo a, Tao-Ming Wang b, Yue-Li Wang a,∗
a Department of Information Management, National Taiwan University of Science and Technology, Taipei, Taiwan, ROC
b Department of Mathematics, Tunghai University, Taichung, Taiwan, ROC
a r t i c l e i n f o
Article history:
Received 29 March 2010
Received in revised form 12 January 2011
Accepted 13 January 2011
Available online 5 February 2011
Keywords:
Set representation
Uniquely intersectable
Clique partition
Diamond-free graphs
a b s t r a c t
For a graph G with vertices v1, v2, . . . , vn, a simple set representation of G is a family
F = {S1, S2, . . . , Sn} of distinct nonempty sets such that |Si ∩ Sj| = 1 if vivj is an edge in G,
and |Si ∩ Sj| = 0 otherwise. Let S(F ) =ni=1 Si, and letωs(G) denote the minimum |S(F )|
of a simple set representationF of G. If, for every twominimum simple set representations
F andF ′ of G,F can be obtained fromF ′ by a bijectivemapping from S(F ′) to S(F ), then
G is said to be s-uniquely intersectable. In this paper, we are concerned with the s-unique
intersectability of diamond-free graphs, where a diamond is a K4 with one edge deleted.
Moreover, for a diamond-free graph G, we also derive a formula for computing ωs(G).
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, G = (V , E) represents a simple graph of n vertices and m edges; i.e., |V (G)| = n and |E(G)| = m, where
V (G) = {v1, v2, . . . , vn}. An edge vivj is in E(G) if vertices vi and vj are adjacent. Two adjacent vertices vi and vj in V (G) are
twins if they have the same closed neighborhood. G is twin free if it contains no twins. For two graphs G and H , if G has no
induced subgraph H , then we say that G is H-free. Thus, a graph is triangle free (respectively, diamond free) if it contains no
triangles (respectively, diamonds) as an induced subgraph. Here, a trianglemeans a K3 and a diamond is the graph obtained
by deleting an edge from K4.
The concept of set representation of graphs was first introduced by Szpilrajn-Marczewski [10] and Erdös et al. [4]. A set
representation of G is a multifamily F = {S1, S2, . . . , Sn} of nonempty sets such that, for any i ≠ j, Si ∩ Sj ≠ ∅ if edge
vivj ∈ E(G), and Si ∩ Sj = ∅ otherwise, where multifamily means that S1, S2, . . . , Sn might not be distinct. Note that Si is a
corresponding set of vi for i = 1, 2, . . . , n. A set representation F is distinct if Si ≠ Sj for i ≠ j, and is antichain if Si ⊈ Sj
for i ≠ j. A simple set representation is a distinct set representation with |Si ∩ Sj| = 1 if vivj ∈ E(G). For a set representation
F = {S1, S2, . . . , Sn}, let S(F ) = ni=1 Si. It is known that any G has a (simple) distinct set representation (see Theorem
2.5 of [5]). Thus we can meaningfully denote by ω(G) (respectively, ωs(G)) the minimum size of |S(F )| among all distinct
set representations (respectively, simple set representations) F of G. A minimum distinct set representation (respectively,
minimum simple set representation) F of G is a distinct set representation (respectively, simple set representation) with
|S(F )| = ω(G) (respectively, ωs(G)). Kou et al. [7] and Poljak et al. [9] proved that finding ω(G) and ωs(G), respectively, for
a general graph G is NP-complete. Harary [5] proved that, for a connected graph G of n(> 3) vertices, ω(G) = m if and only
if G is triangle free.
The concept of unique intersectability of Gwas proposed by Alter andWang [1]. They defined G to be uniquely intersectable
if, for any twominimum distinct set representationsF andF ′ of G,F can be obtained fromF ′ by a bijective mapping from
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S(F ′) to S(F ). Based on the above theorem of Harary, they proved that every triangle-free graph G is uniquely intersectable.
Later, Tsuchiya [11] studied the unique intersectability with respect to antichains, abbreviated a-uniquely intersectable, and
showed that being triangle free is also a sufficient condition for a graph to be a-uniquely intersectable. Then, Mahadev and
Wang [8] proved that, for every diamond-free graphG,G is uniquely intersectable if and only ifG is twin free. This generalizes
Alter andWang’s result, since diamond-free graphs are a superset of triangle-free graphs. Kong andWu [6] defined a superset
of diamond-free graphs, called purple graphs. They proved that a purple graph is uniquely intersectable if and only if it is
twin free and unique intersectable with respect to multifamily representation. This further improves Mahadev and Wang’s
result, since diamond-free graphs are unique intersectable with respect to multifamily representation [8].
Inspired by the concept of a-uniquely intersectable, we say that a graph G is s-uniquely intersectable if, for any two
minimum simple set representations F and F ′ of G, F can be obtained from F ′ by a bijective mapping from S(F ′) to
S(F ). Actually, the proof in [1] also reveals that every triangle-free graph G is s-uniquely intersectable. However, Mahadev
andWang’s proof [8] cannot be applied directly to the s-unique intersectability of a graph. Therefore, it is interesting to find
out a general sufficient condition for the s-unique intersectability of a graph.
2. Preliminaries
First, we introduce some terms which will be used later. A clique in G is a set Q ⊆ V (G) whose vertices are pairwise
adjacent in G. A trivial clique contains only one vertex. A clique in G is maximal if it is not properly contained in any other
clique in G. A setQ = {Q1,Q2, . . . ,Qp} of cliques in G is called a clique partition of G if E(G) =pi=1 E(Qi), E(Qi)∩ E(Qj) = ∅
for i ≠ j, and {v} ∈ Q for each v ∈ V (G) of degree 0. Erdös et al. [4] found a bijection between set representations and clique
covers of a graph G. Below, we introduce this bijection in detail, and call it the Erdös bijection. LetQ = {Q1,Q2, . . . ,Qp} be a
clique partition of G. For every vi, 1 ⩽ i ⩽ n, construct a set Si whose elements are those cliques in Q containing vi. Clearly,
for any i ≠ j, |Si ∩ Sj| = 1 if vi is adjacent to vj, and |Si ∩ Sj| = 0 otherwise. Hence, {S1, S2, . . . , Sn} is a set representation of
Gwhere any distinct Si, Sj have |Si ∩ Sj| ⩽ 1. Conversely, given a set representation F = {S1, S2, . . . , Sn} of Gwhere Si is the
corresponding set of vi for 1 ⩽ i ⩽ n and any distinct Si, Sj have |Si ∩ Sj| ⩽ 1, we can obtain a clique partition of G as follows.
For each sj ∈ S(F ) = {s1, s2, . . . , sp}, if sj is in Si, then let Qj contain vi. Clearly, the subgraph of G induced by the vertices
in Qj is a clique, and exactly one Qj with 1 ⩽ j ⩽ p contains {vx, vy} if vxvy ∈ E(G) and none otherwise. Therefore, the set
{Q1,Q2, . . . ,Qp} is a clique partition of G. Hereafter, we use Erdös F and Erdös Q to denote the resulting set representation
and clique partition, respectively, of the Erdös bijection.
A finite linear space (FLS) Γ = (P,L) consists of a set P of n points and a set L of lines, where a line is a set of points,
satisfying the following axioms [2].
(L1) A line contains at least two and at most n− 1 points.
(L2) For any two points x, y ∈ P , exactly one line ofL contains {x, y}.
A projective plane (PP)Π is an FLS satisfying further the following two axioms [2].
(P1) Any two distinct lines have exactly one common point.
(P2) There exist four points in which no three points are collinear.
In [3] (see also [2]), de Bruijn and Erdös proved a theorem about FLSs. To employ the theorem in this paper, we note that,
with the correspondence between points and vertices, and lines and cliques, there is a bijection between FLSs and clique
partitions Q of complete graphs Kn, n ⩾ 3, where the cardinality of every clique in Q is between 2 and n− 1. Therefore we
can paraphrase the theorem in terms of clique partition as follows.
Theorem 1 ([3]). If Qwith |Q| > 1 is a clique partition of Kn with n ⩾ 3, and there is no trivial clique inQ, then |Q| ⩾ n, where
equality holds if and only if
(a) Q consists of one clique with n− 1 vertices and n− 1 copies of K2 or
(b) the FLS corresponding to Q is a PP.
The FLSs with n ⩾ 3, corresponding to clique partitions as in Condition (a) of Theorem 1, are conventionally referred to
as near-pencil (N-P for short). We will use the two terms N-P and PP to stand for both an FLS and the corresponding clique
partition of a complete graph. For example, two clique partitions Q = {Q1,Q2, . . . ,Q7} of K7 corresponding to N-P and PP
are listed in Table 1.
In Table 1, the PPwith n = 7 is the so-called Fano plane, as illustrated in Fig. 1, where the line segments (straight or round)
pass through lines {v1, v2, v3}, {v3, v4, v5}, {v1, v5, v6}, {v1, v4, v7}, {v2, v5, v7}, {v3, v6, v7}, {v2, v4, v6}, respectively.
For the clique partition Q of Kn with |Q| = 1, i.e., Q = {Q1} and Q1 = {v1, v2, . . . , vn}, if we add trivial cliques Qi = {vi}
for i = 2, 3, . . . , n to Q, then the resulting set Q′ = {Q1,Q2, . . . ,Qn} is still a clique partition of Kn. Henceforth, we use
Erdös FKn to denote the Erdös F with respect to Q
′, i.e., Erdös FKn = {S1, S2, . . . , Sn} where S1 = {Q1} and Si = {Q1,Qi}
for i = 2, 3, . . . , n. We also use Erdös FN-P and Erdös FPP to emphasize set representations of a complete graph which are
obtained by Erdös bijection on its N-P and PP, respectively.
Proposition 2. For a Kn, all of its Erdös FN-P, Erdös FPP, and Erdös FKn are simple set representations.
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Table 1
Clique partitions Q of K7 with |Q| = 7.
Q N-P PP
Q1 {v1, v2} {v1, v2, v3}
Q2 {v1, v3} {v3, v4, v5}
Q3 {v1, v4} {v1, v5, v6}
Q4 {v1, v5} {v1, v4, v7}
Q5 {v1, v6} {v2, v5, v7}
Q6 {v1, v7} {v3, v6, v7}
Q7 {v2, v3, . . . , v7} {v2, v4, v6}
Fig. 1. Fano plane.
3. Diamond-free graphs are s-uniquely intersectable
A vertex vi ∈ V (G) is called a monopolized vertex of Q if vi is contained in only one maximal clique Q in G; otherwise, vi
is called a shared vertex. Similarly, an element in S(F ) is called a monopolized element with respect to a set representation
F of G if it appears in only one set of F .
Proposition 3. In a graph G, the closed neighborhood of a monopolized vertex of a maximal clique Q is contained in Q .
Theorem 4. For n ⩾ 1, ωs(Kn) = n. Further, any minimum simple set representation of Kn, for n ⩾ 3, is an Erdös FN-P, Erdös
FPP, or Erdös FKn .
Proof. Clearly, ωs(K1) = 1 and ωs(K2) = 2. We prove that ωs(Kn) = n for n ⩾ 3. We can easily construct a simple set
representation F of Kn, for n ⩾ 3, with S(F ) = {s1, s2, . . . , sn} by letting F = {S1, S2, . . . , Sn}, where S1 = {s1} and
Si = {s1, si} for 2 ⩽ i ⩽ n. Thus ωs(Kn) ⩽ n for n ⩾ 3. Then we prove that ωs(Kn) ⩾ n for n ⩾ 3. Suppose to the contrary
that Kn, n ⩾ 3, has a simple set representation F with |S(F )| ⩽ n − 1. We delete all monopolized elements from all sets
in F and let F ′ be the resulting set. Clearly, F ′ remains a set representation of Kn, and therefore Erdös Q with respect to
F ′ is a clique partition of Kn which contains at most n − 1 cliques and no trivial ones. By Theorem 1, |Q| = 1. This means
that all sets in F ′ are the same. Thus, S(F ) consists of an element common to all sets in F and at most n− 2 monopolized
elements since |S(F )| ⩽ n− 1. This implies that at least two sets in F are the same, a contradiction. Thus we have proved
that ωs(Kn) = n for n ⩾ 1.
Let F be a minimum simple set representation of Kn with n ⩾ 3, i.e., |S(F )| = n. Delete all monopolized elements from
all sets in F and obtain F ′. Then ErdösQwith respect to F ′ is a clique partition of Kn which contains at most n cliques and
no trivial ones. By Theorem 1, Q is an N-P or PP, or has |Q| = 1. In the former two cases, |Q| = n, and therefore F ′ = F is
an Erdös FN-P or Erdös FPP. In the last case, F is an Erdös FKn . This completes the proof. 
Lemma 5. If a graph G is diamond free, then any two distinct maximal cliques in G have at most one vertex in common.
Proof. Suppose to the contrary that two distinct maximal cliques Q and Q ′ intersect at two vertices vi and vj in G. There
are at least two nonadjacent vertices vx and vy in Q and Q ′, respectively; otherwise, Q and Q ′ are contained in one maximal
clique. It is clear that the subgraph of G induced by vertices vi, vj, vx, vy is a diamond in G, a contradiction. 
In the following, unless otherwise stated, we assume that G is a connected diamond-free graph and is not a complete
graph, that Q = {Q1,Q2, . . . ,Qp} is the set of all maximal cliques in G, and that F = {S1, S2, . . . , Sn} is a simple set repre-
sentation of G, where Si is a corresponding set of vi for i = 1, 2, . . . , n. Further, letMi and Hi be the sets of monopolized and
shared vertices, respectively, of Qi for 1 ⩽ i ⩽ p,M = pi=1 Mi, FMi = {Sj : vj ∈ Mi} for 1 ⩽ i ⩽ p, and FM = {Sj : vj ∈ M}.
Similarly, H = pi=1 Hi, FHi = {Sj : vj ∈ Hi} for 1 ⩽ i ⩽ p, and FH = {Sj : vj ∈ H}. The subgraph of G induced by M is
denoted by G[M].
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Lemma 6. If G is a connected graph and is not a complete graph, then |S(FM)| ⩾∑pi=1 |Mi|.
Proof. Since G ≠ Kn and is connected, |Hi| ⩾ 1 for 1 ⩽ i ⩽ p. By Proposition 3, G[M] is the disjoint union of K|M1|,
K|M2|, . . . , K|Mp|. Obviously, FM is a simple set representation of G[M]. Therefore, by Theorem 4, |S(FM)| ⩾
∑p
i=1 |Mi|. 
Lemma 7. If there is a Qi with Mi = ∅, then, for any vk, vℓ ∈ Qi, the following statements hold.
(1) The element in Sk ∩ Sℓ is not in S(FMj) for any j with Mj ≠ ∅.
(2) If there is a Qj with j ≠ i and Mj = ∅, then, for any vx, vy ∈ Qj, the element in Sk ∩ Sℓ is distinct from the one in Sx ∩ Sy.
Proof. Let s be the element in Sk ∩ Sℓ. To prove statement (1), we suppose to the contrary that s is also in S(FMj) for some j
withMj ≠ ∅. This means that both vk and vℓ are adjacent to some vertex, say x, inMj. Since x is a monopolized vertex of Qj,
by Proposition 3, both vk and vℓ must be also in Qj. Thus, |Qi ∩Qj| ⩾ 2 which, by Lemma 5, is a contradiction. This concludes
the proof of this statement.
To prove statement (2), suppose to the contrary that there is a Qj with j ≠ i andMj = ∅ such that Sx ∩ Sy = {s} for some
vx, vy ∈ Qj. By Lemma 5, vx ∉ Qi or vy ∉ Qi. For the former, since s ∈ Sk ∩ Sℓ ∩ Sx, this means that there is a maximal clique,
say Qr , with r ≠ i containing vertices vk, vℓ, and vx. Thus vk, vℓ ∈ Qr ∩ Qi. By Lemma 5, this is a contradiction. The latter
case can also be handled similarly. This completes the proof. 
Lemma 8. Any simple set representation F of G has |S(F )| ⩾∑pi=1 |Mi| + |{i : Mi = ∅ for 1 ⩽ i ⩽ p}|, where equality holds
if and only if |S(FM)| = ∑pi=1 |Mi| andFHi , for every 1 ⩽ i ⩽ p with Mi = ∅, contains exactly one element, which is not in
S(FM) and

FHi ≠ FHj for i ≠ j.
Proof. SinceG is connected, everyQi, for 1 ⩽ i ⩽ p, hasmore than one vertex. Thus,Qi withMi = ∅ has |Hi| ⩾ 2. By Lemma 7,
every Qi with Mi = ∅ has at least one unique element in S(F ) which is not in S(FM). Moreover, |S(FM)| ⩾ ∑pi=1 |Mi| by
Lemma 6. Therefore,
|S(F )| ⩾ |S(FM)| + |{i : Mi = ∅ for 1 ⩽ i ⩽ p}|
⩾
p−
i=1
|Mi| + |{i : Mi = ∅ for 1 ⩽ i ⩽ p}|,
where equality holds if and only if |S(FM)| = ∑pi=1 |Mi| andFHi , for every 1 ⩽ i ⩽ p with Mi = ∅, contains exactly one
element, which is not in S(FM) and

FHi ≠ FHj for i ≠ j. 
Theorem 9. For a connected diamond-free graph G, ωs(G) =∑pi=1 |Mi| + |{i : Mi = ∅ for 1 ⩽ i ⩽ p}|.
Proof. Theorem 4 has proved this theorem if G is a complete graph. Thus we assume that G is not a complete graph in
the following. By Lemma 8, we can prove this theorem by showing a simple set representation F of G with |S(F )| =∑p
i=1 |Mi| + |{i : Mi = ∅ for 1 ⩽ i ⩽ p}|.
For each iwithMi ≠ ∅, letMi = {vi1 , vi2 , . . . , vi|Mi |}, and Si1 = {qi,1} and Sij = {qi,1, qi,j} for 2 ⩽ j ⩽ |Mi|. For each vk ∈ Hi,
where 1 ⩽ i ⩽ p, assign Sk = {qx,1 : vk ∈ Qx and Qx ∈ Q}. Note that, since vk is a shared vertex, there are at least two cliques
in Q containing vk. The total number of elements used to construct F is equal to
∑p
i=1 |Mi| + |{i : |Mi = 0| for 1 ⩽ i ⩽ p}|.
To complete the proof, we have to show that the constructed F = {S1, S2, . . . , Sn} is a simple set representation of G.
First, we prove that F is a set representation of G. Clearly, each pair of vertices vj, vk ∈ V (Qi), for 1 ⩽ i ⩽ p, has a common
element qi,1 in their corresponding Sj and Sk. Therefore, Sj ∩ Sk ≠ ∅ if edge vjvk ∈ E(G). Now we prove that Sj ∩ Sk = ∅ if
there is no edge between vj and vk. Since only elements qi,1, for i = 1, 2, . . . , p, can appear in the representation sets of two
different vertices, it suffices to consider the adjacency of vertices having qi,1 in their corresponding sets. By our assignment
and Lemma 5, any two distinct maximal cliques, say Qi and Qj, have at most one shared vertex vk, which, if it exists, is
the only vertex having qi,1 and qj,1 in its set representation Sk. All of the other vertices in Qi cannot have qj,1 in their set
representations, and vice versa. Therefore, the constructed F is a set representation of G.
Next, we prove that F is a distinct set representation of G. Clearly, all vertices vj inMi, for i = 1, 2, . . . , p, have different
Sj. By Lemma 5 again, if a shared vertex in Hi, for some 1 ⩽ i ⩽ p, has both qi,1 and qj,1, for some 1 ⩽ j ⩽ p and j ≠ i, in
its set representation, then no other vertex can have both of them in its set representation. Therefore, F is a distinct set
representation of G.
It remains to show that |Si ∩ Sj| = 1 if vivj ∈ E(G). Clearly, for any two vi, vj ∈ Qk, qk,1 is the only common element
between Si and Sj. This concludes the proof of this theorem. 
Lemma 10. If there exists a simple set representationF of G with |S(FM)| =∑pi=1 |Mi|, then, for every nonemptyMi, 1 ⩽ i ⩽ p,
FMi is an Erdös FK|Mi | of G[Mi].
Proof. Note that |S(FM)| =∑pi=1 |Mi| implies that |S(FMi)| = |Mi|. If there exists |Mi| = 1 or 2 for 1 ⩽ i ⩽ p, then FMi can
only be an Erdös FKMi . Thus, this lemma holds for |Mi| = 1 and 2. In the following, we consider the case where |Mi| ⩾ 3 if it
exists.
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Suppose to the contrary that there is an FMi = {S1, S2, . . . , S|Mi|}which is not an Erdös FK|Mi | of G[Mi]. By Theorem 4, FMi
is an Erdös FN-P or an Erdös FPP of G[Mi]. We only consider the former case since the latter can be handled similarly. Let
QN-P = {Q ′1,Q ′2, . . . ,Q ′|Mi|} be an N-P of G[Mi] so that the Erdös F with respect to it is FMi . By the definition of N-P, there is
no clique inQN-P containing all vertices ofMi. Therefore, there is also no common element among all Si for i = 1, 2, . . . , |Mi|.
Since |Hi| ≠ 0 and every vk ∈ Hi is adjacent to every vertex inMi, the intersection between Sk and S(FMi) has at least two
elements, say e1 and e2.We claim that there exists a vertex vℓ ∈ Mi whose corresponding Sℓ also contains both e1 and e2. Note
that vℓ is the vertex in Qe1 ∩ Qe2 , where Qej , for j = 1 or 2, is the clique containing all vertices vx with ej ∈ Sx. Consequently,|Sk ∩ Sℓ| ⩾ 2, which contradicts that FMi is a simple set representation of G[Mi]. This establishes the lemma. 
Theorem 11. Every connected diamond-free graph G is s-uniquely intersectable except Kn for n ⩾ 3.
Proof. By Theorem 9, for a connected diamond-free graph G except Kn with n ⩾ 3,ωs(G) =∑pi=1 |Mi|+ |{i : Mi = ∅ for 1 ⩽
i ⩽ p}|. By Lemma8, |S(FM)| =∑pi=1 |Mi| for anyminimumsimple set representationF ofG. By Lemma10, every nonempty
FMi is an Erdös FK|Mi | of G[Mi].
Thus, for every iwithMi ≠ ∅, the common element in all sets ofFMi is also in every Sj ∈ FHi as vj is adjacent to any vertex
in Mi. Moreover, since |S(F )| = ∑pi=1 |Mi| + |{i : Mi = ∅ for 1 ⩽ i ⩽ p}| and |S(FM)| = ∑pi=1 |Mi|, by Lemma 7 and the
pigeonhole principle, for every iwithMi = ∅, all Sj for vj ∈ Qi contain a common element, say ei, which is not in S(FM), and
ei and ej are distinct for 1 ⩽ i, j ⩽ p and i ≠ j. From above, for any vj ∈ H , |Sj| is equal to the number of cliques containing
vj, and Sj = {ei : ei is the common element in FMi ∪FHi and vj is in Qi for i = 1, 2, . . . , p}. Therefore, for any two minimum
simple set representationsF andF ′ of G,F can be obtained fromF ′ by a bijectivemapping from S(F ′) to S(F ). That is, the
common element in FMi ∪FHi has a unique corresponding common element in F ′Mi ∪F ′Hi , and every monopolized element
in FMi has a unique corresponding monopolized element in F
′
Mi
for each 1 ⩽ i ⩽ p. Thus G is s-uniquely intersectable. 
A similar proof to Theorem7.6 in [6] (except replacing Lemma 7.1 in [6] by Theorem4) establishes the following theorem.
Theorem 12. For any graph G, ωs(G) ⩾ c +∑pi=1 |Mi|, where c is the number of maximal cliques Qi in G not only with Mi = ∅
but having an edge not in any other Qj.
As a further study, it is interesting to find a sufficient and necessary condition for graphs having ωs(G) = c +∑pi=1 |Mi|
and study their s-uniquely intersectability.
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